The search for carbon nanostructures with large magnetic moments has been pursued actively ever since Kroto et al. [1] speculated a large diamagnetic response for C 60 . However, it was shown both theoretically and experimentally that C 60 would exhibit a very small magnetic susceptibility [2 -4] . Experimental measurements also yielded that the (orientationally averaged) magnetic susceptibility of a carbon nanotube is about 225 ppm emu͞g [5, 6] , while that of graphite is about 230 ppm emu͞g for a magnetic field along the c axis [6] . Recently, there have been reports on the observation of ring-shaped carbon nanostructures [7] [8] [9] [10] . Because of the geometry of nanotori, they appear to be ideal candidates for enhancing the effect of the interplay between the delocalized p electrons and the geometrical structure of the torus, and thus one may anticipate an enhanced magnetic response of these systems in the presence of an applied magnetic field.
In the present work, we have investigated the magnetic response of carbon nanotori under an applied magnetic field (with the field perpendicular to the plane of tori) based on a p-orbital tight-binding theory. We found that, although not all nanotori formed from metallic nanotubes are metallic, those that are metallic exhibit a surprising 3 orders of magnitude larger paramagnetic moments compared to the diamagnetic moment of graphite at 0 K and at applied magnetic fields of ϳ0.1 T. Our investigation has also elucidated succinctly the physics underpinning the unusual magnetic response of nanotori as due to the interplay between the toroidal geometry and the p-electron dominated electronic structure.
The p-orbital tight-binding Hamiltonian has been successfully applied to study the electronic structure of C 60 -based materials and nanotubes [11] , in particular magnetic properties of nanotubes [12] . The effect of the magnetic field enters the Hamiltonian via
ij is the Hamiltonian matrix element for zero field, f hc͞e the flux quantum, and A the vector potential [13, 14] . The magnetic moment of a nanotorus was calculated in terms of the ring current I in the torus, namely, M Is where the current element between sites i and j is I ij ͑4e͞h͒ImS n f͑E n ͒c ‫ء‬ in H ij c jn with f͑E n ͒ being the Fermi factor, c in the eigenvector corresponding to the eigenenergy E n , and s the area enclosed by the torus.
The induced magnetic moment vs temperature for a wide variety of nanotori that are formed from nanotubes of different chiralities (arm-chair, chiral, and zigzag) exhibiting both semiconducting and metallic behaviors is shown in Fig. 1 while the ring current structures are shown in Fig. 2 . As can be seen from Fig. 1 , a clear pattern has emerged for the magnetic response of nanotori with one set of nanotori exhibiting a diamagnetic response and the other a paramagnetic response. Specifically, we note the following outstanding features: (i) Nanotori formed from metal-1 nanotubes (i.e., those with the band degeneracy at k 0 [11] ) possess unusually large paramagnetic moments at 0 K. For example, . Geometric and ring current structures: (a) the geometric structure of (5,5)/1200 metallic nanotorus and the corresponding ring current; (b) the geometric structure of (7,4)/1364 semiconducting nanotorus and the corresponding ring current. The colored arrows denote the ring currents with their lengths proportional to the current strength. The current flow follows exactly the chirality of the geometric structure of the torus. The applied magnetic field is directed towards the reader. The color coding has no significance other than providing guidance to the eye to follow the current flow direction.
our calculation showed that nanotori formed from the metal-1 zigzag nanotube (9,0) consisting of 1332 and 1296 atoms have large magnetic moments of 75.6m B and 73.6m B , respectively. These magnetic moments correspond to a value of ϳ26.4 emu͞g, compared to a value of 230 3 10 23 emu͞g for the graphite under an applied field of 0.1 T along the c axis. Thus, the nanotori (9,0)/1332 and (9,0)/1296 possess giant paramagnetic moments as their strength is 3 orders of magnitude stronger than that of the diamagnetic moment of graphite at 0.1 T. (ii) Nanotori formed from metal-2 nanotubes (i.e., those with the band degeneracy at k 62p͞3T [11] ) exhibit a giant paramagnetic moment at 0 K for selected circumferences or magic radii. For example, the (5,5)/1500 nanotorus possesses a large magnetic moment of 88.4m B at 0 K. Similarly, the nanotorus (7,4)/1860 has a giant magnetic moment of 98.5m B at 0 K. (iii) The paramagnetic moments of the above-mentioned nanotori show a very sensitive dependence on the temperature as their strength decreases by approximately 3 orders of magnitude [from 88.4m B to 0.11m B for the (5,5)/1500 nanotorus and from 98.5m B to 0.12m B for the (7,4)/1860 nanotorus] when the temperature increases from 0 to 300 K. (iv) Nanotori formed from metal-2 nanotubes but with radii other than the magic radii exhibit a diamagnetic response with their magnetic moments much weaker than the strength of the paramagnetic moment exhibited by nanotori corresponding to the same metallic nanotube but with magic radii. For example, the (5,5)/1480 nanotorus has a diamagnetic moment of 20.11m B and the (7,4)/1364 nanotorus a magnetic moment of 20.064m B . Their respective magnetic moment values also show only a relatively weak dependence on the temperature. (v) Nanotori formed from semiconducting nanotubes exhibit diamagnetic moments that are weaker than those of nanotori formed from metallic nanotubes but exhibiting a diamagnetic moment. The strength of the magnetic moment in these cases is independent of the temperature in the range from 0 to 500 K.
The pattern of behavior of the magnetic responses of nanotori to an applied magnetic field perpendicular to its plane is diversified and full of surprises. Key questions underpinning the physics of this behavior pattern include: (1) Why do nanotori formed from a certain metallic nanotube respond very differently to an applied magnetic field depending on whether they are formed from a metal-1 or a metal-2 nanotube, and why do some of them possess giant magnetic moments? (2) What is the physics responsible for the existence of the magic radii for nanotori corresponding to metal-2 nanotubes, and why do these nanotori possess giant paramagnetic moments? (3) Why do nanotori formed from semiconducting nanotubes always exhibit a diamagnetic response regardless of their radii? (4) Why do the magnetic moments show different temperature behaviors for nanotori of different types?
The answers to these questions can be traced to the interplay between the electronic structure of the nanotube and the geometrical structure of the nanotorus. For a metallic nanotube, its Fermi wavelength, l F , is related to its translation vector T by l F rT, where r 1 for metal-1 and r 3 for metal-2 nanotubes, respectively [11] . If the circumference of a nanotorus, L pT, corresponding to a given metallic nanotube satisfies L ql F or p rq where q is an integer, then that nanotorus is metallic. Otherwise, it is a small-gap semiconductor. For nanotori formed from metal-1 nanotubes, the condition p q is satisfied by any integer value of p so that nanotori formed from metal-1 nanotubes are always metallic regardless of their circumference. The two nanotori (9,0)/1332 and (9,0)/1296 shown in Fig. 1 are metallic nanotori because the (9,0) tube is a metal-1 nanotube. On the other hand, for the two nanotori (5,5)/1500 and (5,5)/1480 formed from the metal-2 (5,5) nanotube, p 75 and p 74, respectively. Clearly, the condition p 3q is met for the (5,5)/1500 torus but not for the (5,5)/1480 torus (as p is not divisible by 3). Therefore, the (5,5)/1500 nanotorus is a metal, while the (5,5)/1480 nanotorus is a small-gap semiconductor. Similarly, the (7,4)/1860 nanotorus is a metal while the (7,4)/1364 nanotorus is a small-gap semiconductor. Thus, our calculations show that a metallic nanotorus will give rise to a giant paramagnetic moment while a semiconducting nanotorus will yield a diamagnetic moment. Our calculations suggest the existence of the magic radii (as dictated by the relation p 3q͒ for nanotori formed from metal-2 nanotubes, while no such selection rule applies to nanotori formed from metal-1 nanotubes.
A simple scenario can be put forth to explain the unusual paramagnetic response of metallic nanotori. In a metallic nanotorus, electrons move freely along the circumference of the torus in two opposite directions because the corresponding nanotube is a ballistic conductor. The associated magnetic dipole moments of the electrons moving along the circumference exactly cancel out when there is no applied magnetic field. With the application of a magnetic field, however small, perpendicular to its plane, the dipole moments will be lined up along the direction of the applied field at low temperatures, yielding a large paramagnetic moment. This scenario is well described by the detailed structure of the ring current in the metallic (5,5)/1200 nanotorus shown in Fig. 2(a) . From this figure, it can be seen that the ring current flows along the chiral pattern of the (5,5) nanotube, with its direction consistent with the applied field that is perpendicular to the plane of the torus and points outward. It is this ring current, together with the area enclosed by the torus, that leads to the large paramagnetic moment. Also shown in Fig. 2(b) is the structure and the ring current of the small-gap semiconducting (7,4)/1364 nanotorus. The net current in this case flows in the direction opposite to the direction dictated by the applied field, leading to a diamagnetic response.
To shed light on the mechanisms of the magnetic responses of nanotori, we calculated the free energy F 2kT S n ln͕1 1 exp͓2͑E n 2 m͒͞kT ͔͖ 1 N m of nanotori corresponding to metal-1 and metal-2 nanotubes (with magic as well as nonmagic radii), as well as nanotori corresponding to semiconducting nanotubes as a function of the temperature at various applied fields. Here E n denotes the eigenenergy of the nanotorus in an applied field B and m the chemical potential. The magnetic moment of a nanotorus was determined by
In this expression, the first term takes into account the magnetic moments associated with the ballistic motion of the electrons in the nanotorus while the diamagnetism associated with the tendency of electrons to at least partially shield the interior of the torus from the influence of the applied field is included in the second term. Using Eq. (1), the magnetic moments for the entire set of nanotori considered previously are calculated and the results corresponding to B 0.1 and B 0.2 T are shown in Fig. 1 as open circles and diamonds, respectively. It can be seen that the agreement between the results of these two independent calculations is excellent as the results based on Eq. (1) fall right on the respective curves obtained from the ring current calculation. It should also be noted that the calculations based on Eq. (1) yielded very small but non-negligible diamagnetic moments for nanotori corresponding to semiconducting nanotubes (see Fig. 1 ). The comparison between the two independent calculations clearly indicates that the magnetic response of a nanotorus is determined by the combined effect of the magnetic moments associated with the ballistic motion of the electrons in the torus and the diamagnetic response of electrons.
with E m being the energy of the highest occupied states and x 2 P occ n ͑≠ 2 E n ͞≠B 2 ͒ B0 . It should be noted that m may be construed as the dipole moment associated with the ballistic motion of the electron along the nanotorus. The factor 4 is due to the fact that there are four electrons occupying the highest occupied states. For kT ¿ mB, Eq. 
Therefore, it exhibits a very small diamagnetic moment. In addition, this diamagnetic moment is insensitive to a temperature up to 500 K as D ¿ kT in this case. Thus, our analysis based on the consideration of the free energy [Eq. (1)] not only confirmed the results of the ring current calculation but also elaborated the underlying physics for the magnetic response of a nanotorus to an applied field perpendicular to its plane. Specifically, the magnetic response of a nanotorus is determined by the combination of the paramagnetic moment of the ballistic motion of the electrons in the torus and the diamagnetic response.
Since M Is, the paramagnetic moment of a metallic nanotorus is expected to vary linearly with the radius. This relationship is confirmed by our numerical calculation of paramagnetic moments of metallic nanotori. For example, we find that M 296.8m B for (5,5)/5100 and M 88.4m B for (5,5)/1500. Similarly, we find that M 304.3m B for (7,4)/5580 and M 98.5m B for (7,4)/1860. Since the radii of the experimentally observed nanotori, (ranging from 150 to 270 nm), are about 2 orders of magnitude larger [7] [8] [9] [10] than metallic nanotori considered in the present work, it is not too difficult to contemplate metallic nanotori with a colossal paramagnetic moment of about 10 4 m B at low temperatures as soon as a magnetic field is switched on. The realization of nanoscale structures possessing such unusual magnetic properties will undoubtedly bring about unexpected as well as expected applications in the molecular scale device arena.
Questions can be raised about the possible effect of the curvature of the nanotube on the magnetic response of metallic nanotori predicted by the p-orbital tightbinding theory. For armchair nanotubes, neither the curvature nor the Peierls instability affect the metallic condition (zero gap) [11,15 -17] . Hence, our prediction about the magnetic response of armchair nanotubes should remain valid. For nanotubes ͑n 1 , n 2 ͒, with n 1 2 n 2 3n and n fi 0, both theoretical calculations [16, 18, 19] and experimental measurements [17, 20] have shown that they are quasimetallic because the effect of the curvature leads to a pseudoenergy gap of ϳ10 meV. With an energy gap, the magnetic response is dictated by the delicate balance between mB and D E G ͞2. If mB . D and for mB 2 D ¿ kT, M ഠ 4m 1 xB according to Eq. (1). The magnetic moment m is about 1.07 3 10 23 eV͞T for the quasimetallic nanotorus (7,4)/1364 and about 1.10 3 10 23 eV͞T for the (9,0)/1332 nanotorus. With radii of experimentally observed nanotori being about 2 orders of magnitude greater than those of nanotori with 1500 atoms, m of quasimetallic nanotori of these sizes is expected to be ϳ10 21 eV͞T.
The condition mB . D can then be easily satisfied by a magnetic field of 0.1 T, leading to a paramagnetic moment at least 3 orders of magnitude greater than the diamagnetic moment of graphite. Hence, large paramagnetic response can be realized for quasimetallic nanotori with very small pseudoenergy gaps due to the same interplay between the geometric structure of nanotori and the ballistic motion of the electron.
We have also considered the effects due to mechanical deformation and chemical defect, and the preliminary results indicate that these effects are small. Therefore, the unusual magnetic response of nanotori reported here is very robust. Although we have not studied polygon-shaped toroidal structures dictated by 5-7 defect pairs, we believe that, as long as there are only a sufficiently small number of such defect pairs so that the ballistic nature of the electrons are not affected, the polygon-shaped nanotori may also exhibit large paramagnetic response.
Finally, we remark that, while the two-dimensionally polymerized rhombohedral C 60 was most recently observed to exhibit a paramagnetic response [21] , our theoretical prediction of the colossal paramagnetic response of metallic carbon nanotori provides a unique example of the unusual magnetic behavior of carbon based nanostructures.
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